The resource theory of coherence [1-6] studies the operational value of superpositions in quantum technologies. A key question in this theory concerns the efficiency of manipulation and inter-conversion [3, 7-10] of the resource. Here we solve this question completely for qubit states by determining the optimal probabilities for mixed state conversions via stochastic incoherent operations. Extending the discussion to distributed scenarios, we introduce and address the task of assisted incoherent state conversion where the process is enhanced by making use of correlations with a second party. Building on these results, we demonstrate experimentally that the optimal state conversion probabilities can be achieved in a linear optics set-up. This paves the way towards real world applications of coherence transformations in current quantum technologies.
facets of non-classicality, including entanglement, is the superposition principle. Since a quantum system naturally decoheres in the presence of unavoidable interactions between the system and its environment [16, 17] , superposition is itself a resource, which is studied in the recently developed resource theory of quantum coherence [1, [3] [4] [5] [6] . In this framework, the set of free operations analogous to LOCC in entanglement theory are incoherent operations (IOs), corresponding to quantum measurements which cannot create coherence even if postselection is applied on the individual measurement outcomes [1] .
One of the central questions in any resource theory is the state conversion problem, i.e. the characterization of the possible interconversion of resources under transformations allowed by the corresponding resource theory. The answer to this question leads to a preorder on the resource states which determines their usefulness or value in technological applications, since a given state can be used in all protocols which require a state that can be created from it. This opens new perspectives on how such resources can lead to practical advantages in quantum metrology [18, 19] , quantum algorithms [20, 21] , and even quantum dynamics in biology [22] .
In this work, we provide a full solution to the coherence conversion problem for qubit systems, the fundamental building blocks in quantum information: We determine the optimal conversion probability between two states via IOs. When the technology to build quantum computers becomes available, it is likely that they will appear initially in small numbers. They have complete control over their qubits and can assist a less powerful remote client restricted to IOs. In particular they can assist him in state conversions, which we study under the name of assisted incoherent state conversion, solving the problem of optimality for two-qubit pure and Werner states. Moreover, we demonstrate the first experimental realization of non-unitary IOs using photonic quantum technologies and show their capability of implementing optimal state conversion on qubits both with and without assistance. This is an important step towards the experimental investigation and systematic manipulation of coherence in quantum technological applications.
are incoherent, and correspond to quantum processes which do not use coherence [3, 4] . First, we will solve the problem of state conversion for qubits under the restricted sets of operations IO and SIO theoretically. Then, we extend our analysis to the problem of assisted incoherent state conversion, which we introduce now as a game between two parties, Alice and Bob. Initially, they share a bipartite quantum state ρ AB , and the aim of the game is to establish a certain state σ B on Bob's side. Clearly, if all quantum transformations were allowed locally, Bob could achieve this task by simply erasing his local system and preparing the desired state σ B . However, the situation changes if Bob is constrained to local IOs: in this case he cannot prepare the state σ B if the state has coherence. Moreover, as we will show later, correlations in the joint state ρ AB can be used to enhance Bob's conversion possibilities, if Alice assists Bob by measuring her particle and communicating the measurement outcome.
Optimal conversion without assistance
For a general qubit state ρ, the exact shape of the state space which can be achieved by IOs is described in the following Theorem, making use of the Bloch sphere representation which we introduce in the Methods Section, where r and s are the Bloch vectors of the initial and the final state, respectively, and using the definition r 2 = r 2 x + r 2 y .
Theorem 1.
A qubit state σ is reachable via a stochastic SIO or IO transformation from a fixed initial qubit state ρ with a given probability p iff
For a geometrical interpretation of this Theorem and further discussion we refer to the Methods Section. These results allow us to evaluate the optimal conversion probability P ρ → σ via IO and SIO for any two states ρ and σ of a single qubit. It holds that P ρ → σ = 0 if r 2 s 2 z + 1 − r 2 z s 2 > r 2 and otherwise
Moreover, these theoretical results can be extended beyond qubits, leading to a necessary condition for state conversion via stochastic SIO, see Supplementary Information for more details.
Optimal conversion with assistance
We now present our results with assistance, for pure entangled states and a class of mixed states. The task of assisted incoherent state conversion is equivalent to transforming a shared state ρ AB into a local state σ B on Bob's side via local quantum-incoherent operations and classical communication (LQICC) [8, 9] . These operations consist of general local operations on Alice's side, local IOs on Bob's side and the exchange of measurement results via a classical channel. The problem of optimal conversion of a general two qubit entangled state |ψ AB into an arbitrary local state σ B is solved in the following Theorem.
Theorem 2. Let Alice and Bob share a pure two-qubit state |ψ AB and denote Bob's local state by ρ B . The maximal probability P a (|ψ AB → σ B ) to prepare the qubit state σ B on Bob's side via one-way LQICC is given by
where r and s are the Bloch vectors of ρ B and σ B , respectively.
When the state is subjected to noise, the probabilities of assisted incoherent state conversions are reduced. As an example, we consider the two-qubit Werner state, with the maximally entangled state |φ
The optimal conversion probability for converting ρ AB w into the qubit state σ B via one-way LQICC can also be evaluated explicitly by,
where s denotes the Bloch vector of σ B . Generally, correlations in the joint two-qubit state ρ AB always enhance the conversion possibilities of Bob whenever the state is not quantum-incoherent, i.e., not of the form ρ AB = i p i ρ
A i
⊗ |i i| B , see Supplementary Information for more details.
Experimental results
We experimentally implement the above protocols on several classes of input states, both with and without assistance. The experimental protocols and setup are illustrated in Fig. 1 . The setup consists of three modules, detailed descriptions can be found in the Methods and Supplementary Information.
For verifying the theoretical predictions of incoherent single-qubit state conversion, we experimentally initialize Bob's photon as
where r x = 1 3 , r z = 5 6 for a mixed input and r x = √ 11 6 , r z = 5 6 for a pure input. Our goal is now to convert the initial states using the IOs available in our experiments. In Fig. 2(a, b) , the experimentally obtained boundary of state space for deterministic conversion (DC) is shown for the x-z plane by red cubes. The boundaries with respect to stochastic conversion (SC) are shown by blue cubes. All solid lines represent theoretical predictions from Theorem 1. Also the experimental conversion probability is plotted as a function of x-z coordinates of the target state σ (blue cylinders) for two states. The solid lines represent the theoretical predictions from Eq. (2). There is a fundamental difference between pure and mixed inputs: A pure and coherent input can be converted via Fig. 2(c, d) . Remarkably, due to Theorem 2 the probability for assisted conversion only depends on the z-coordinate of the initial state, which explains the close similarity of both the state spaces and conversion probabilities in Fig. 2(c, d) . We also experimentally test two Werner states, one with entanglement and one without. In Fig. 3 , the DC boundaries are shown in purple and blue for the two states. In accordance with Eq. (5), resorting to SCs does not allow to prepare additional states.
Compared to DC, Bob can expand the state space achieved with SC, and even obtain all qubit states by taking advantage of assistance. The expansion can be seen from the results in Fig. 4 , for the single-qubit state in Eq. (6) of Bob, and its purification |ψ AB . In Fig. 4 (a), we experimentally show the boundary of accessible state space, both deterministically and stochastically, with and without assistance. Noting that the 1 norm coherence [1] reads: C 1 (ρ) = i j |ρ i j | = r for qubit states, we can obtain a similar relation between achievable coherence and maximal conversion probability as in Eq. (2, 3), the experimental results are shown in Fig. 4(b) . Although local coherence can never be increased deterministically, we can still exceed the original coherence at the expense of success probability. A maximally coherent state |+ can be obtained by utilizing SC and assistance. 
DISCUSSION
In this work we study the problem of quantum state conversion within the resource theory of quantum coherence, both theoretically and experimentally. The state conversion problem is important in any resource theory, since it determines the value of states for protocols using the resource under study. The result presented here are a significant generalization of recent results on single-shot coherence theory [10, [23] [24] [25] [26] and single-shot resource theories in general [27] , and include necessary conditions on the existence of stochastic conversions, which we generalized to higher dimensions.
In most resource theories one is also interested in the possibilities of asymptotic state conversion, where many instances of the initial and final state are available. As we show in detail in the Supplementary Information, our results also pave the way towards a complete solution of this problem: our single-shot conversion rate gives a lower bound on the asymptotic conversion rate, which is in some areas significantly better than the best previously known bound [3] . In addition, it coincides for some states with an upper bound from [3] , solving the asymptotic conversion problem in these cases. Moreover, the results allow us to investigate the irreversibly of coherence theory in the asymptotic limit and to determine the possible distillable coherence for fixed coherence cost.
Experimentally implementing non-unitary incoherent operations for the first time, we demonstrated that a quantum optical experiment can closely achieve the expected optimal conversion rates. The corresponding optical setup should be seen as a building block for more general transformations, also going beyond single qubits and IOs. The results presented in this work can then serve as benchmarks for these more advanced setups.
METHODS
Bloch representation. Most of this work is concerned with qubits, which allows us to make frequent use of the Bloch representation stating that every qubit state ρ can be represented by a subnormalized vector r = (r x , r y , r z ) through ρ = (1 1 + r · σ)/2, where σ represents a vector containing the Pauli matrices. As done above, we denote density operators by small Greek letters and their Bloch vectors by the respective small Latin letter. Throughout the paper, we assume the eigenbasis of σ z to be incoherent. Then rotations about the z-axis of the Bloch sphere and their inverse are both in SIO and in IO, leading to an invariance of conversion probabilities under these rotations. This makes it very convenient to introduce the quantity
corresponding to the distance of the state to the incoherent axis.
Geometrical interpretation of Theorem 1. Theorem 1 has a convenient geometrical interpretation on the Bloch sphere: for fixed ρ, Eq. (1a) defines an ellipsoid which is independent of p and Eq. (1b) a cylinder which depends on p. The states to which ρ can be converted with probability p lie inside their intersection. For p ≤ 1 − |r z |, the ellipsoid is entirely contained in the cylinder and Eq. (1b) is automatically satisfied if Eq. (1a) holds (see proof of Thm. 1). Therefore, lowering the demanded probability of success below 1 − |r z | will not increase the set of reachable states. This implies that for mixed ρ, there is a discontinuity in the optimal conversion probability P(ρ → σ) and the states outside the ellipsoid cannot be achieved via stochastic IOs, even with arbitrary little probability. This also implies that the states outside the ellipsoid cannot be approximated, because no state in a neighborhood can be reached.
Experimental setup. In Module (I) of (d), we experimentally prepare an entangled state |ψ(θ) AB = cos 2θ|00 + sin 2θ|11 (8) via a spontaneous parametric down conversion (SPDC) process, with arbitrary θ, determined by the angle of the 404 nm H. The states 0 and 1 are encoded in the polarization degree. One of the two photons is sent to Alice σ z . In (a), we can see that the accessible states of Bob can be enlarged by using different conversion protocols, the red boundary can be achieved via DC without assistance, which shows the basic capability of local incoherent conversion. When we use SC, without assistance, we can make the conversion boundary larger, shown as blue. Combining the boundary of SC and DC, we obtain an ellipsoid in the Bloch space. With assistance from a pure source, we can enlarge the conversion boundary to the surface of the Bloch sphere. The boundaries of assisted conversion, both DC and SC, are shown as green and orange respectively. As the boundaries are rotationally invariant with respect to z, we focus on the x-z plane by taking a round cross-section. In (b), the maximal success probabilities versus obtained 1 norm coherence are plotted for these different protocols.
for multiple uses; the other is sent to Bob for state preparation. In the case of (a), we implement state conversion without assistance, and θ is set to 0
• . The second photon is used to initialize Bob's qubit in the desired state as in Eq. (6) by the combination of H 2,3 , a PBS, and a QP. In this case, the first photon (Alice) is used as a trigger. In the case of (b), the first photon is sent to Alice, which will allow her to assist Bob. Two-qubit entangled states
can be prepared with Bob's local state being described in Eq. (6), where µ 0,1 and |β 0,1 B denote eigenvalues and eigenvectors of Bob's local state. In the case of (c), we can experimentally prepare mixed two qubit states consisting of a pure Bell state |φ + AB and a controllable amount of white noise 1 4 1 1. This is achieved by using unbalanced interference in Alice's arm. In Module (II) of (d), a class of SIOs are implemented on Bob's photons, by the combination of 6 Hs and 3 BDs (details in the Supplementary Information). In the case of (b,c), these operations can depend on the result of measurements made on Alice's qubit [28, 29] . In Module (III) of (d), Bob can perform quantum state tomography [30] to identify the target states {p i , ρ i } in his hand. A detailed description of the experimental setup can be found in the Supplementary Information.
We acknowledge useful discussions with Dario Egloff, Swapan Rana, Christine Silberhorn, and Jan Sperling. 
SUPPLEMENTARY INFORMATION
In this Supplementary Information, we provide an extended discussion of both the theory and the experiments presented in the main text. In the first section, we gather useful theoretical results, which we apply in the second section to prove our theoretical findings stated in the main text, partially extending them beyond qubits. The third section is dedicated to an extended discussion of the implications of these findings, focusing on asymptotic conversions and the irreversibly of coherence theory. The fourth section describes the experimental aspect in more detail, which include state preparation, implementation of the incoherent operations and tomography of the output states.
Appendix A: Useful results
As mentioned in the main text, to implement a stochastic incoherent operation, we formally postselect a deterministic incoherent operation according to the measurement outcomes i. Now assume we deal with a stochastic operation that can be decomposed into incoherent Kraus operators which are not necessarily complete, i.e., If we want to call this operation incoherent, we have to ensure that it is part of a deterministic incoherent operation, otherwise we would simply disregard the nonfree part of the operation. That this is always possible has been shown in [31] . Therefore we call all stochastic operations that can be decomposed into incoherent Kraus operators incoherent as well. If we can implement a stochastic transformations from a state ρ to a state σ with probability p, we will write ρ → pσ.
As we will see in the following and announced in the main text, most of the analysis in this work can be reduced to the mathematically simpler family of strictly incoherent operations. As in the case of IO, a free completion is possible, which is the content of the following Proposition.
Proposition 3.
Every stochastic quantum operation that can be decomposed into strictly incoherent Kraus operators is part of a deterministic SIO.
Proof. Strictly incoherent Kraus operators K n are of the form
where f n (i) is a bijective function on {1, ..., d}. If they form a stochastic quantum operation, we have
Therefore n |c i,n | 2 ≤ 1∀i and we can definẽ
which is a strictly incoherent Kraus operator and has the
This allows to prove the following:
Proposition 4. For two states ρ, σ and a probability p let there be a stochastic SIO achieving the transformation
Then, for every incoherent state τ and every 0 ≤ q ≤ 1 − p, there exists a stochastic SIO achieving the transformation
Proof. The key idea in this proof is that the set of strictly incoherent Kraus operators is closed under concatenation. Therefore, the overall map that describes the application of a SIO on post-selected output states of another SIO is still in SIO. From Prop. 3 follows that we can always complete a stochastic SIO for free. The part completing the map has, with probability 1 − p, a state µ as an output. Applying total dephasing to µ, we obtain an incoherent state µ , which we can transform into τ using SIO. In addition, we can do this only stochastically, which proves the Proposition.
Now we are ready to show the equivalence of IO and SIO with respect to probabilistic qubit state transformations. Proof. An incoherent Kraus operator K is of the form
and it is strictly incoherent if j(i) is one-to-one [3] . Therefore all incoherent qubit Kraus operators are either also strictly incoherent or their output is, independent of the input, incoherent. Let us use the strictly incoherent ones to define a stochastic SIO. Then Prop. 4 finishes the proof. Note that this proof technique does not work in higher dimensions, since then, there exist j(i) that have neither the same output for all i (and have thus incoherent output), nor are they one-to-one.
Another result we will need later is stated in the following Lemma. 
Proof. In the following, let {|i B } be an eigenbasis of Bob's state ρ B . Consider now states of the form 
In the last step of the proof, note that Eq. (A11) implies the following:
Thus, also in this case Eq. (A9) is fulfilled, and the proof of the Lemma is complete.
Appendix B: Technical proofs
Here we give the missing proofs of the results in the main text and their partial generalizations beyond qubits. For readability, we restate the results.
Theorem 1.
Proof. According to Thm. [10] , every E SIO s can be represented by four SIO Kraus operators
Since overall phases of Kraus operators are physically irrelevant, we assume from here on a i ,
is trace non-increasing is equivalent to l := |b| 2 ≤ 1. Due to symmetries and as explained in [10] , we can restrict our analysis to the case s y = r y = 0 and s x , r x , s z , r z ≥ 0. More precisely, we assume r x > 0 from here on, since otherwise we have the trivial case of incoherent initial states. From
then follow the Equations
or equivalently
The principal idea of our proof from here on is the following: For fixed r x , r z , p, we determine states (s x , s z ) on the boundary of the region which is achievable with stochastic SIO, i.e. the region for which the Equations above have a solution for suitable a, b. Since the achievable region is convex and contains the free states (we can always mix incoherently with a free state), this will allow us to deduce the entire reachable region. Now assume that (s x , s z ) is on the boundary of the reachable region. Then one can choose a 3 = 0 and b 3 = 0, since K 3 and K 4 destroy all coherence. Formally, this can be shown considering
, a 2 , 0),
which lead to
Remember that we consider fixed r x , r z and p > 0. Thus s x ≥ s x and s z = s z . This mixing argument with the free states excludes boundaries of the achievable region parallel to the x-axis. Therefore s x > s x for s z = s z cannot happen if both (s x , s z ) and (s x , s z ) lie on the boundary and we will assume from here on a 3 = b 3 = 0 and b 1 , b 2 ≥ 0. This leads to the Equations
Next we notice that the second line in the above Equations defines an ellipse. Remembering that we excluded the trivial case of r z = 1 by assuming r x > 0, we can therefore use the parametrization
Without loss of generality, we choose 0 ≤ t ≤ π/2 and the condition l a , l b ≤ 1 leads to
which restricts the range of t further. Next we substitute
which automatically satisfies the ellipse Equation.
Since all left hand sides of these Equations are positive by assumptions, we can choose without loss of generality
When we know for every reachable s x the largest possible s z , we achieved our goal of determining the boundary of the reachable region. Therefore we fix s x and and maximize s z . For fixed s x , we obtain from the first Equation a relation between t and θ,
Using 0 ≤ θ ≤ π/2, we can rewrite the second Equation as
which is maximal either on the boundary or for 0 = ∂s z (t, φ) ∂φ
Since we have −π/2 ≤ −θ ≤ φ ≤ θ ≤ π/2, this is equivalent to
Using that arctan(x) is monotonically increasing in x, we find
and therefore φ inside the allowed region. Then the s z (t), the s z optimized over φ, is independent of t and given by
Note that the expression under the square root is, due to Eq. (B12), never negative. Now we need to check the boundaries. To do this, we express t in terms of θ and define X = sin 2 (θ)
Since
has for y 0 no solutions, s z (X) attains its extrema on the boundaries. The exact maximum on the boundary depends on t, but it is lower than the maximum of
and thus smaller than the extrema inside the allowed region. In the case of cos(2t(θ)) ≤ 0, we have
For the boundary with φ = −θ, the above considerations are the same, with the roles of cos(2t(θ)) ≥ 0 and cos(2t(θ)) ≤ 0 inverted. We thus confirmed that the maximal s z for given s x is indeed given by Eq. (B16) and independent of θ and t.
In order to finish the proof, we need to determine the reachable range of s x which depends according to Eq. (B12) on t and therefore through Eqs. (B10) on r z and p. By the convexity of the reachable region, it is again sufficient to find the maximal reachable s x . This corresponds to finding the allowed t closest to π/4 (see again Eq. (B12)), for which we will consider different cases. The first case is that neither of the conditions in Eq. (B10) restricts t, which is equivalent to
and therefore
If
the constraints are
For p < 1 − r z , the upper bound on t is larger than π/4, and we find the same bounds on s x as in the first case. Using sin (2 arcsin x) = 2x
we find
otherwise. In the last case, for
we have a lower and an upper bound on t,
From Eq. (B8), we see that the lower bound is always smaller than the upper. In addition,
Therefore, we end up with the same conclusions as in the second case. Finally, using the symmetry and mixing arguments, the reachable region is defined by the inequalities
Rearranging the terms in the above Equations and using the short hand notations leads to
formally also including the trivial cases of r x = r y = 0. Now one can easily see that the condition for p ≤ 1 − |r z | is always satisfied if condition (B31) is satisfied. If we insert p = 1 − |r z | into the condition for p ≥ 1 − |r z |, we obtain after simplifications
which is also always satisfied if condition (B31) is satisfied. Therefore the condition
is for p ≤ 1−|r z | automatically satisfied, if condition (B31) holds. This leads us to the Theorem.
As stated in the main text, these results allow us to evaluate the optimal conversion probability P ρ → σ via IO and SIO for any two states ρ and σ of a single qubit. We prove this in form of a Corollary.
Corollary 7.
The maximal probability P ρ → σ for a successful transformation from a coherent qubit state ρ to a coherent qubit state σ using IO or SIO is zero if
Proof. From Thm. 1 and its discussion in the Methods Section, we get that a transformation from ρ to σ (with ρ coherent, i.e. r > 0 and therefore r 2 z < 1) is possible with probability p > 0 iff
As soon as we are inside this ellipsoid, the maximal probability of success is bounded by Eq. (B1b). Now we want to maximize p such that this inequality is still satisfied. This is the case if we choose the larger p for which
Together with the assumptions that p max is a probability, this finishes the proof.
As announced in the main text, we show now how these results can be partially extended beyond qubits. Denoting by C any coherence measure with the properties defined in [1] , it holds that [32] 
which we prove now for completeness. Every stochastic coherence transformation from ρ to σ can be described by an incoherent quantum instrument with two possible outcomes, success and failure. We denote by K n the incoherent Kraus operators modelling the case of success and by L m the ones describing the event of failure. With
we first use property (C2b), then (C3) and finally (C1) defined in [1] to arrive at
Note that the bounds given in Eq. (B39) cannot be used to exclude the existence of a stochastic transformation from ρ to σ (unless we have the trivial cases C(σ) = ∞ or ρ incoherent and σ not). However, the first condition in Cor. 7 is a (nontrivial) necessary condition for the existence of a stochastic transformation. In the case of SIO, we can generalize this necessary condition to arbitrary dimensions using the ∆ robustness of coherence C ∆,R introduced in [7, 33] by
where I denotes the set of incoherent states.
Theorem 8.
A necessary condition for the existence of a stochastic SIO transformation from ρ to σ is
Proof. Assume that there exists a SIO transformation which maps ρ to σ with probability p 0. Due to Prop. 3, we can restrict ourselves to the case of successful transformations which we write as,
From here on, we will suppress unnecessary brackets for readability and write for example Λρ instead of Λ[ρ]. Since Λ can be decomposed into strictly incoherent Kraus operators, we have ∆Λ = Λ∆ and therefore
Defining
ensures thatρ
is a valid density operator with the property
whereσ is a valid density operator too. This implies that
is a necessary condition for the existence of a stochastic transformation from ρ to σ using SIO. From the definition of s τ follows directly that this quantity can be calculated using a semidefinite program. In addition, we will show now how Eq. (B49) can be reformulated in terms of the ∆ robustness of coherence C ∆,R [7, 33] C ∆,R (ρ) = min t ≥ 0 ρ + tτ
Because ∆ρ = ∆τ, this is equivalent to
Using the same technique as in [34] , we can further simplify this expression to
To prove this, we first note that for t, τ ≥ 0,
implies ρ ≤ (1 + t)∆ρ. To show the converse, assume that ρ ≤ (1 + t)∆ρ. Then we can define τ := (1 + t)∆ρ − ρ /t and it is easy to check that ∆τ = ∆ρ, ρ = (1 + t)∆ρ − tτ and τ ≥ 0. Substituting s by 1/t, we find
A comparison with Eq. (B51) shows that C ∆,R (τ) = 1/s τ , and therefore Eq. (B49) is equivalent to
As shown in [33] , for the case of qubits, Eq. (B43) is equivalent to conditions (B1a) and (B35) and for higher dimensions, C ∆,R can be evaluated efficiently using a semidefinite program (see the above proof and also [34] ). The other necessary condition for stochastic transformations on qubits was that the initial state is not incoherent. For higher dimensions, this can be generalized by the statement that the coherence rank or number [3, [35] [36] [37] can only decrease under a stochastic IO (and therefore SIO) transformation, which we show now for completeness.
The coherence rank r C of pure states is defined as the number of non-zero coefficients needed to expand the state in the incoherent basis [3, 35] . For mixed states, the coherence rank is defined by [36] 
It is well known that the coherence rank of a pure state can only decrease under the action of an incoherent Kraus operator [3] . From this follows the statement directly: Let {p i , |ψ i } be an optimal decomposition of ρ in the sense that r C (ρ) = max i r C (|ψ i ). Applying the Kraus operators of the stochastic incoherent operation to the |ψ i leads to a decomposition of the final state with the promised property. Now we turn to the proofs of our results concerning optimal conversion with assistance. We begin with the poof of Theorem 2 from the main text. Theorem 2. Let Alice and Bob share a pure two-qubit state |ψ AB and denote Bob's local state by ρ B . The maximal probability P a (|ψ AB → σ B ) to prepare the qubit state σ B on Bob's side via one-way LQICC is given by
Proof. In the following, we will prove the more general case in which Alice holds an arbitrary purification of Bob's qubit state. Recall that by performing local measurements on Alice's side and using classical communication, Bob can obtain any decomposition {q i , ρ into the desired state σ B . First we will show that there always exists an optimal decomposition containing only pure states.
To do this, we use a decomposition of every mixed qubit state ρ into two pure states, which we will also use later in this proof. The Bloch vector r corresponding to ρ can be written as a convex combination of two points t and u on the surface of the Bloch sphere having the same z-coordinate as r, i.e.,
Now assume that an optimal decomposition of Bob's local state contains a mixed state ρ x which occurs with probability q x . Since every decomposition can be obtained, Bob can also obtain a decomposition in which the pair {q x , ρ x } is replaced by the two corresponding pure states from Eqs. (B57) and probabilities q x q, q x (1−q). From Cor. 7 follows that the transformation probability from both of these states to any target state is at least as high as the probability from ρ x : In case the transformation from ρ x to a target state is forbidden by Eq. (B35), there is nothing to prove. If not, the transformation probability from ρ x and the two pure states to the target is determined by Eq. (B36), since a pure initial state can never satisfy Eq. (B35). Remember that by choice, we have r z = t z = u z and t, u ≥ r. Now note that for a fixed target state σ (fixed s) and fixed r z , the quantity in Eq. (B36) increases if r increases. From this follows the claim, which implies that the new decomposition is also optimal. Eliminating all mixed states using this procedure, we end up with an optimal decomposition {q i , |ψ i B } which only contains pure states.
If we denote the corresponding maximal conversion probability by P a |ψ i B → σ B , our figure of merit can be written as
where the maximization is performed over all pure state decompositions {q i , |ψ i B } of Bob's local state.
In the next step, we deduce from Eq. (B36) that the maximal probability for stochastic conversion between two single-qubit states |ψ i B and σ B can be expressed as
This result allows us to bound the average conversion probability for a decomposition {q i , |ψ i B } of the state ρ B as follows:
where in the last inequality we used the fact that
Eq. (B60) holds for any decomposition {q i , |ψ i B } of the state ρ B , it implies that the probability for assisted conversion P a |ψ AB → σ B is bounded as
To complete the proof of the Theorem, let Alice perform a two-outcome measurement such that Bob's postmeasurement states |ψ i B fulfill
Such a measurement always exists, see discussion above Eqs. (B57). Depending on the outcome i, Bob then applies a stochastic incoherent operation to convert the state |ψ i B into the desired state σ B . This conversion protocol gives a lower bound on our figure of merit:
where in the last equality we used Eqs. (B59) and (B62). Noting that the lower bound (B63) coincides with the upper bound (B61), we conclude that the presented protocol achieves the claimed conversion probability (B56) and that this probability is optimal.
Next we prove our results concerning two-qubit Werner states.
Theorem 9.
The optimal probability P a ρ AB w → σ B for converting ρ AB w into the qubit state σ B via one-way LQICC is given by,
Proof. Suppose that Alice performs a general local measurement with POVM elements {M A i }. Conditioned on the measurement outcome i, Bob finds his system in the state ρ
is the corresponding probability. To determine the set of states that Bob can achieve in this setting with nonzero probability, recall from the discussion below Thm. 8 that Bob can transform a qubit state ρ into another qubit stateρ via stochastic incoherent operations if and only if
where C ∆,R is the ∆-robustness of coherence [7, 33, 39] , which, for a single-qubit state ρ, can be expressed as
Thus, for characterizing the set of states achievable with nonzero probability, we need to evaluate the maximal ∆-robustness C ∆,R for any possible post-measurement state of Bob. Noting that C ∆,R is convex, which follows directly from Eq. (B51), we can restrict ourselves to rankone POVMs on Alice's side. In the next step, note that for any rank one POVM element M A , the corresponding post-measurement state of Bob has the form
While the probability q w here is fixed via the initial Werner state
we can arbitrarily vary the state |η by suitable adjusting Alice's POVM elements. Among all such states, the maximal ∆-robustness C ∆,R is attained for
i.e. it holds
. To see this, note that for single-qubit states the ∆-robustness does not increase under incoherent operations [7, 33, 39] , and moreover for any |η B there exists an incoherent operation converting µ B into ρ B [40] . Combining these arguments, we see that any post-measurement state of Bob has not more ∆-robustness of coherence than the state µ B . Thus, we obtain the following condition for assisted state conversion of the Werner state (B68) into a state σ B on Bob's side:
We will now show that the state µ B is in fact achievable with unit probability: P a ρ AB w → µ B = 1. For this, Alice first performs a local measurement on the Werner state in the {|+ , |− } basis. Conditioned on the measurement outcome Bob finds his system either in the desired state µ B , or in the state σ z µ B σ z . In the latter case, Bob performs an incoherent σ z rotation, thus obtaining µ B with unit probability. Note that via local incoherent operations Bob can transform the state µ B into another state σ B with unit probability if and only if C ∆,R (σ B ) ≤ C ∆,R (µ B ). This follows from the discussion of the geometrical interpretation of Thm. 1 in the Methods Section of the main text. All states reachable from µ B with non-zero probability are inside the ellipse through µ B , which is equivalent to
. These states are reachable with certainty, since Tr(µ B σ z ) = 0. Combining these arguments, we obtain the following condition:
Both conditions (B70) and (B71) imply the following:
The proof of the Theorem is complete by noting that
We will finish this section with the proof of our claim from the main text that correlations enhance conversion probabilities, as long as the global state is not quantumincoherent.
Theorem 10. If Bob's system is a qubit, then for any state ρ AB which is correlated and not quantum-incoherent the set of accessible states for Bob via stochastic one-way LQICC is strictly larger, when compared to ρ A ⊗ ρ B .
Proof. As is shown in Lem. 6, for any correlated state ρ is the state of Bob conditioned on the measurement outcome of Alice:
and
ρ AB is the corresponding probability for obtaining the outcome i. Noting that
we conclude that -whenever the state ρ AB is not quantum-incoherent -either ρ 
Appendix C: Implications of the theoretical results
In this section, we discuss the implication of our theoretical results, which we briefly mentioned in the discussion of the main text.
In the scenario considered so far we assumed that incoherent operations are applied on one copy of the state ρ. In the following we will extend our investigations to asymptotic conversion scenarios, where incoherent operations are performed on a large number of copies of the state ρ. The figure of merit in this setting is the asymptotic conversion rate
where ||M|| 1 = Tr √ M † M is the trace norm, the infimum is performed over all incoherent operations Λ, and x is the largest integer smaller or equal to the real number x.
It is now important to note that the single copy conversion probability P(ρ → σ) is a lower bound for the conversion rate:
In fact, asymptotic conversion at rate P(ρ → σ) can be achieved by applying stochastic IO on each copy of the state ρ. Denoting by C d the distillable coherence and by C c the coherence cost [3] , the bounds
appeared in [3] .
As was shown again in [3] , the distillable coherence admits the following closed expression:
where S(ρ) = −Tr[ρ log 2 ρ] is the von Neumann entropy and ∆[ρ] = i |i i|ρ|i i| is the dephasing operator. Moreover, the coherence cost C c is equal to the coherence of formation C f [3] :
Here, the minimization is performed over all pure state decompositions of the state ρ = i p i ψ i . Up until here, the results concerning asymptotic conversions were valid for general dimensions. From here on, we will specialize them exclusively to qubits. For single-qubit states, Eq. (C4) can be further simplified as follows [41] :
where h(x) = −x log 2 x − (1 − x) log 2 (1 − x) is the binary entropy and ρ 01 = 0|ρ|1 . We will now demonstrate the power of these results on a specific example. For this, we consider the following single-qubit state: ρ = We will study the conversion of ρ into a convex combination of maximally coherent states |± = (|0 ± |1 )/ √ 2, i.e., the final state σ has the form
In Fig. 5 we compare the aforementioned upper and lower bounds on the state conversion rate for the states ρ and σ in Eqs. (C6) and (C7). In particular, there exists a range of the parameter q where P(ρ → σ) [solid line in Fig. 5 ] is very close to the upper bound min Fig. 5 ].
The quality of our bound should also be compared to the lower bound C d (ρ)/C c (σ) [dotted line in Fig. 5 ]. The Figure clearly shows that the two different lower bounds have their advantages for different values of the parameter q: For q close to 1/4, our new bound is much tighter than the best previously known bound [3] . If q is below a critical value, the new bound is zero. This corresponds to the region outside the reachable ellipsoid. In addition, the new bound can never exceed one, and thus the results from [3] give a better bound when σ has much lower coherence than ρ, which corresponds to q ≈ 1/2. Indeed, we note that for q = 1/4 the conversion probability P(ρ → σ) coincides with C c (ρ)/C c (σ), and in fact both are equal to 1. This implies that the asymptotic conversion rate is given by R(ρ → σ) = 1 in this case. We will generalize this observation in the following Theorem. (C8)
Then we have R(ρ → σ) = 1.
Proof. In the first step of the proof note that P(ρ → σ) = 1 for any two states ρ and σ fulfilling Eqs. (C8), which follows directly from Eqs. (3a) and (3b) in [10] . This proves that R(ρ → σ) ≥ 1 in this case.
In the next step we will show that states fulfilling Eqs. (C8) have equal coherence cost: As we show now, the above Theorem cannot be formulated as an if and only if statement. From Eq. (C4) follows that the coherence cost of a pure state ψ is equal to S(∆[ψ]) and therefore equal to its distillable coherence (compare Eq. (C3)). Now there exist pure states ψ and mixed states ρ such that
Using Eq. (C2), we can conclude
which proves R(ρ → ψ) = 1. However, this case is not covered by Thm. 11. We will now apply the methods we developed for studying the irreversibility of coherence theory. For any quantum resource theory, the conversion rate R fulfills the following inequality for any two nonfree states ρ and σ:
The resource theory is called reversible if Eq. (C12) is an equality for all nonfree states. Otherwise, the resource theory is called irreversible. Examples for reversible resource theories are the theories of entanglement and coherence, when restricted to pure states only. However, both theories are not reversible for general mixed states [3, 42] . General properties of reversible resource theories have been investigated in [43, 44] .
In the following, we will study the irreversibility of coherence theory in more detail. In particular, we will investigate which values of distillable coherence C d a single-qubit state can attain, for a fixed amount of coherence cost C c . The most interesting family of states in this context is given by σ in Eq. (C7):
Proposition 12. Among all single-qubit states, the family of states given in Eq. (C7) has the minimal distillable coherence C d for a fixed coherence cost C c and vice versa maximal C c for fixed C d .
Proof. In the first step, we recall that for any single-qubit state ρ the coherence cost depends only on the absolute value of the offdiagonal element |ρ 01 | = | 0|ρ|1 |, see Eq. (C5). In particular, C c is a strictly monotonically increasing function of |ρ 01 |. Moreover, recall that |ρ 01 | is directly related to the Euclidian distance of the state to the incoherent axis in the Bloch space: r 2 x + r 2 y = 4|ρ 01 | 2 [45] . This means that all states with a fixed coherence cost have the same distance to the incoherent axis in the Bloch space.
In the next step, we note that for any single-qubit state ρ with Bloch vector r = (r x , r y , r z )
T we can introduce the stateρ having the Bloch coordinates
The stateρ can be obtained from ρ via an incoherent unitary, and thus both states have the same coherence cost and distillable coherence. In the next step, we introduce the state τ as follows:
Note that τ has the same distance to the incoherent axis -and thus the same coherence cost -as ρ andρ, i.e.,
Moreover, it is straightforward to see that τ lies on the maximally coherent plane, i.e., the plane spanned by Bloch vectors corresponding to maximally coherent states. By construction, the Bloch vector of τ also lies in the x-z plane, which implies that τ has the desired form (C7).
In the final step, recall that the distillable coherence is convex, and thus
where we used the facts that the Pauli matrix σ x is an incoherent unitary, and thus preserves C d , and that ρ and ρ have the same distillable coherence. This completes the proof.
This result allows us to plot the allowed region of coherence cost and distillable coherence in Fig. 6 . The upper curve is given by C d (ρ) = C c (ρ), which is attained if ρ is a pure state. From results in [3, 46] follows directly, that the same region is attainable for distillable entanglement and entanglement cost when considering maximal correlated two-qubit states.
Details on state preparation
In module (I) described in the main text, we can prepare three different classes of states. The first class consists of single-qubit states of the form
on Bob's side, where r x,z are real numbers and denote x, z Bloch coordinates. The second class consists of pure two qubit entangled states of the form
where µ 0 , µ 1 denote eigenvalues of Bob's local states and {|β 0 , |β 1 } the local basis of Bob. The third class are two qubit Werner states
where |φ + denotes a maximally entangled state and q w is the purity of the Werner state.
In particular, two type-I phase-matched β-barium borate (BBO) crystals, whose optical axes are normal to each other, are pumped by the continuous laser at 404 nm, with a power of 80 mW, for the generation of photon pairs with a central wavelength at λ=808 nm via a spontaneous parametric down-conversion process (SPDC). A half-wave plate (H) working at 404 nm set before the lens and BBO crystals is used to control the polarization of the pump laser. Two polarization-entangled photons
are generated, and then separately distributed through two single-mode fibers (SMF), where one represents Bob and the other Alice. Two interference filters with a 3 nm full width at half maximum (FWHM) are placed to filter out proper transmission peaks. 
with Bloch coordinates r x = cos 2γ 1 sin 2γ 2 , r y = 0, r z = cos 2γ 1 cos 2γ 2 .
(D9)
Thus we can prepare desired single-qubit states as described in Eq. (D1). For generating two qubit entangled states as given in Eq. (D2), we set the rotation angle of the 404 nm H to α
• , where cos 2α = µ 0 and sin 2α = µ 1 . Then passing through H 1 with rotation angle β, results in |Ψ(µ, β) AB with desired µ and β. Using our experimental setup, the maximally entangled state can be prepared with a fidelity of 0.986.
For preparing Werner states as in Eq. (D3), we make use of an unbalanced Mach -Zehnder interferometer. In particular, two 50/50 beam splitters (BS) are inserted into one branch. In the transmission path, the two-photon state is prepared as the Bell state
when the rotation angle of the 404 nm H is set as 22.5
• . In the reflected path, three 400λ quartz crystals and a half-wave plate with 22.5
• are used to dephase the twophoton state into a completely mixed state 1 1 AB /4. The ratio of the two states mixed at the output port of the second BS can be changed by the two adjustable apertures (AA) for the generation of Werner states in Eq. (D3) with arbitrary q w . Out of the state preparation module, the two photons are distributed to Alice and Bob, as shown in Fig. 1 in the main text. Actually, the two BSs are not ideally 50/50, and the transmission rate for H and V polarized photons are not exactly the same, resulting in a decrease of fidelity to F = 0.971 when we prepare maximally entangled states though we have slightly adjusted the rotation angle of the 404 nm H. Note that in our experiments, we adopt 0 ≡ H and 1 ≡ V.
Details of the experimental strictly incoherent operations
The experimental set up for implementing the nonunitary incoherent operations is illustrated in Fig. 1(d) in the main text, which is the combination of BD 1,2,3 and H 4, 5, 6, 7, 8, 9 . In our experiments, we focus on strictly incoherent operations of the form
For experimentally realizing these operators, the angle of H 6,8,9 is set to 45
• for applying a bit flip σ x on the polarization, the angle of H 4,5 are set to θ 0 2 and θ 1 +90
• 2 , and H 7 is used for phase compensation, respectively.
Without loss of generality, we suppose initially we have a qubit state
in the basis {|H , |V }. Considering the path degree of freedom, which is a two dimensional system e 0 , e 1 , the overall state can be written as
where we assume the initial state is in path e 0 . Then BD 1 displaces the horizontally polarized component of a photon from the vertical component to a distance of about 6 mm. Accordingly, the quantum state is entangled by a controlled-NOT gate (the polarization encoded qubit is the contolling qubit) acting on the whole state, resulting in 
(D18)
Then the quantum state after BD 2 will be a σ z operation, a σ x operation and the combination of a σ z operation and a σ x operation. In Fig. 1(d) , H 10 is set to 0
• for implementing a σ z operation, and H 11 is set to 45
• for implementing a σ x operation. Namely, we only need to focus on the states with Bloch coordinatesr x > 0 andr z > 0, and complete the whole boundary via simple incoherent operations.
State tomography and data collection
After the implementation of the incoherent operations, we perform quantum state tomography. In particular, when we conduct the experiment without assistance, the single-qubit state after the incoherent operation can be directly identified via the combination of two Hs, two Qs and two PBSs in Module (III). For deterministic state conversion, we directly read the total coincident counts from the two SPDs; and for stochastic state conversion, we discard the counts from K 2 . For experimentally determining the conversion probability in the case of stochastic conversion, we also collect data in an orthogonal basis. The probability for stochastic conversion can then be evaluated as
where N 1 denotes the total coincident counts from K 1 , and N total denotes the total coincident counts from K 1 and K 2 , in basis {|H , |V }. When we conduct the experiments with assistance, Alice can perform arbitrary local projective measurements on her photons, and broadcast the measurement outcomes to Bob. Specifically, Alice chooses the optimal measurement, which helps Bob to get maximal coherence. When Bob gets the information from Alice, which is either 0 or 1, he can then implement the aforementioned incoherent operations, obtaining the final target states.
For data collections, we used single-mode fibers on Bob's arm and multi-mode fibers on Alice's arm for directing photons from space to detectors. The use of multi-mode fibers can increase and stabilize the collection effeciency of Alice's photons. On the other hand, the use of single-mode fibers on Bob's side is preferable for cleaning up the high order optical mode, resulting in best interference between the light beams which are displaced by the BDs. The power of the 404 nm continues laser is set to about 80 mW, and the coincidence window is set at 4 ns, resulting in 2000 coincident events in a second. When adding white noise on Alice's arm, the coicident counts decrease to around 25% when compared to the case without noise.
